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The steady mixed problem of the motion of a transversely isotropic elastic circular cylinder, compressed by a finite elastic shell,
is solved by the method of piecewise-homogeneous solutions [1]. One of the relations of generalized orthogonality obtained for
homogeneous solutions is used. Two special cases are considered: (1) a semi-infinite shell is placed on 2 movable cylinder with
a specified negative allowance the edge of the shell is stress-free, and there is no preloading, and (2) a concentrated encircling
load acts on the shell. The solution of the problem of a semi-infinite shell and the system of piecewise-homogeneous solutions
are constructed in quadratures by the Wiener-Hopf method. (A similar problem was investigated in [2] in a static formulation.
Steady mixed contact problems were investigated previously in [3-10].) © 2003 Elsevier Science Ltd. All rights reserved.

1. THE ORTHOGONALITY OF HOMOGENEOUS SOLUTIONS

The orthogonality relations for homogeneous solutions [10] enabled the method of piecewise-
homogeneous solutions to be applied to dynamic problems of the theory of elasticity on the steady
motions with different velocities of contacting infinite orthotropic cylinders and layers. A generalized
orthogonality relation was derived for solving the axisymmetric problem of the steady motion of a
transversely isotropic elastic circular cylinder with respect to a fixed thin circular cylindrical shell by
the method of piecewise-homogeneous solutions.

In a cylindrical system of coordinates Or8z in the case of two circular transversely isotropic cylinders
0<sr<=sR,1<BsM, <o <zi<+wandR|sSr<R, nT<0O<m - <z, < +oo, moving with
respect to this system with velocities w; and w», z; = z-wqt, z, = z—w,t, where ¢ is the time, the
orthogonality relation [10] takes the form

R R
(J+I }(u"‘,M")-(M"',u")err=o, m#—n (1.1)
0 R,

In view of the axial symmetry, the displacement vector u™ has only two non-zero components u," and
u)" - the radial and axial displacements, and the components of the vector M™ = {M7, M7} have the

form
2 m 2 2 m m 2
¢’ du c c (du u c
M'=p5—+l-5h" M} =Ao|—L+-L (4| 1= o7 1.2
! c3 or P R ctlor r )t (12)
Here 17, 0" are the shear and normal stresses, the superscript m indicates the fact that the components

of the homogeneous solution considered are determined by the mth root p,, (m = %=1, £2, ...) of the
dispersion equation, p_,, = -y, ¢l = (M + 2w)/p and ¢ = w/p, ¢y, ¢, are the velocities of the compression
and shear waves, A and u are the Lamé coefficients, p are the densities, ¢ are the velocities, which, for
the first and second cylinders, have the values A4, py, py, wy and Az, 1, P2, w; respectively, and (,) is the
scalar product.

By reducing the radius R, we can change the thickness of a hollow cylinder to a small value A, and
take the radius R = R; + h/2 as the shell thickness. We will represent the second integral in (1.1) in
the form
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Ry
[ (@™, M")-M" u"rdr=1,,~1,, (1.3)
R
R+hi12
1, = j (u;'M" ~ M7 u; )rdr
R-hi2

According to expressions (1.2), taking into account the fact that the displacements u, and u, in
axisymmetric problems depend only on the z coordinate, i.e. they are assumed to be constant over the
shell thickness, we have

2

wi w3 1
L., =(1 ——%—)Ru;"P" -[1 -—-%)M"' » ~ M~ ulu; (1.4)
%) G G

where M™ and P™ are the moment and shearing force. Substituting expression (1.4) into formula (1.3)
and then substituting the expression obtained into (1.1), yield the generalized orthogonality relation
with the load

2

R

[ (0", M")-(M" u" )]rdr+(l - 1%—)R(u:" P" - P™ul)+

0 )
W2 W2

+ | 1-—F fu'M" ~M"™u]) - M =2 (uu] —ulu})=0, m#-n
¢ g

Hence, repeating the transformations of the orthogonality relations (10), based on changing to
homogeneous solutions, the components of which are mirror images in the z = 0 plane, we obtain

Ry
[ @My -M3urdr+1,,=0, m*#n? (1.5)
0

The quantities u,, u, and h are small compared with the other quantities, and hence relation (1.5)
can be simplified by neglecting in it the expression containing the product of these quantities. In a
cylindrical system of coordinates, connected with the fixed shell (w, = 0), relation (1.5) takes the form

Ry
[ @M - MPulyrdr+ R P" —M™u! =0, m®%n’ (1.6)
0

2. FORMULATION AND SOLUTION OF THE IN HOMOGENEOUS
PROBLEM OF A SEMI-INFINITE SHELL

In a cylindrical system of coordinates Or0z, we will consider the problem of the contact between a fixed
semi-infinite circular shellr = R, -1 < 6 < n,z = 0 of constant small thickness 4 with an elastic cylinder
0sr=1,-1<0=<mnr~-x <z <+, moving with constant sub-Rayleigh velocity ¢, z; = z - ct. A
load g(z), acting on the shell, a bending moment P; and a shearing force P,, applied to its edge, and
also the load f(z) on the free part of the cylinder are axisymmetrical. There is no friction between the
shell and the cylinder.

The boundary conditions for the elastic cylinder for r = 1 have the form

T,=0, —0<z< 400 (2.1)
o, =f(2), 2<Q; n(z)=g—i)9+y(R—l—g-} z>0 (2.2)
d"u P,

r

fny
az" D

, 2=0, n=2,3 (2.3)
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where

0%u o E.h
L 4 +....’., =_..Q__
a2 Wt YT DR

n(iz)=

and D and E, are the bending stiffness and the modulus of elasticity of the shell.
The solution of the problem will be sought using Lamé potentials, which, in the axisymmetric case
in a moving system of coordinates Oyr10,zy, 1, = r, 0; = 8, 2y = z — ct, satisfy the equations
vy 2 19

2 2
L o9, 1o, L, A==+

80y =S, Ay, = 122
¢ o U2 i or’  n oy 9z

(2.4)

The components of the displacement vector w, and the stress tensor are given by the well-known
formulae [11]

o0, 9y, 90, | 1 9(ry,)
hhl)=—-—-——"7—", ’ 9’ = Tt 0" .
ur(zl h t) arl azl ul(zl h ) aZ] + i ar] (2 5)
2%, o'y c? 9% 2%, o’y ¢’y
PP AL T AT PR NCACAL R S ALV I 4 IR 41
’ t{  dgdn) A" e dz} cr 3zt
where A and u are the Lamé coefficients.
Since the solutions are time-independent
(2, 7,0 =w(z +ct,7,0)=u(z,r,0) (2.6)
Suppose
u(Z, r) = ul (Z’ r, 0) (27)
It then follows from relations (2.6) and (2.7) that
ouy(zy,%,1) _ ouy(z,r,0) 3z _ du(z,r)
T a a 28)
Similarly
du,(z,,5,1) - ou(z,r) du(z;,4,1) - ou(z,r) 29

on or ' 0z oz

In the system of coordinates Orfz, connected with the shell, relations (2.5) retain their form, by virtue
of Egs (2.9), while for Eqs (2.4), putting

¢(Z, r) = ¢l(zl +Ct,li,0), W(Z’ r) = \I’](Z] +C”rl’0)
by Eqs (2.8), we have

2
99,109,

2 2 2
0 _o W 1y ¥ .0V _,

A’ —==0, —+-——t-—

or* ror >  or* ror 1 72

a?=1-ct/c}, b*=1-c*1c]

or in terms of Laplace transforms

400 +oo
®(p,r)= | Kz e Pdz, Y(pr)= | wz.rePdz (210
® 190 ,, ¥ 1% ., ., 1
ae 1o =0, 2> 1% W= 2.11
ST, A PO=0, ek (0T - )Y =0 (211)
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Taking into account the fact that the required solutions are bounded on the axis of the cylinder, we
will take the solutions of Eqs (2.11) in the form of Bessel functions of the first kind of the zeroth and
first order, respectively

®(p,r)= A(p)Jo(apr), ¥(p,r)= B(p)J,(bpr)

where A(p) and B(p) are functions determined by the boundary conditions of the problem.
By inverting formulae (2.10) we obtain from relations (2.5)

1
u,(z,r)= P | [@(p.r)- p¥(p,r)leP*dp (2.12)
L

u(z,r)= —L [ (pP(p,r)+ ¥.n +W¥(p,r)ledp
2ni r

Here and henceforth the prime denotes differentiation with respect to r, and L denotes the straight
line Rep = ¢.
Substituting the expression

1,(2r)= -ﬁ;! P20 (p, r) - (1 + b2)p¥(p, r)lePdp
L

(a consequence of Hooke’s law and formulae (2.12)) into boundary conditions (2.1), we obtain, apart
from an arbitrary factor C(p)

A(p)=-u(1+b*)J,(bp), B(p)=2awl (ap)

Formulae (2.12) take the form

=—1— pz :_—_l. Pzd
U (z,r) 21::{ C(p)y(p,r)e™dp, u,(z,r) g { C(p)Uy(p,r)ePdp (2.13)

Uy(p,r) = aupl(1 +b*)J,(apr)J,(bp) - 2J,(ap)J, (bpr)]
U,(p.r)=upl2abJy(bpr)J,(ap)- (1 + b? Volapr)d,(bp)] (2.14)

We will write the mixed boundary conditions (2.2) in terms of Laplace transforms
6’ (p)+67(p)=C(p)pN,(p), M*(p)+n (p)=C(p)pN,(p), pel (2.15)

+oo 4
o*(p)= | O, @ePds, 6 (p)= | f(x)ePdz
0 ~o0

+00 )]
()= | [@w(k—ll)]e‘“dz, ()= | neFd
) 2

—o0

Ny (p) = nH{[(1+b%)2 Jy(ap)d, (bp) - 4abJo(bp)J, (ap)ip + 2a(l - b*)J,(ap)J,(bp))
Ny(p) = Ny(p)D™" = auc?c;* (p* +¥)J,(ap)d, (bp)

The superscripts plus and minus denote that the functions are analytic in the right and left half-planes
respectively.

Since N;(-p) = N;(p) and N(p) = Ni(p) (j = 1, 2), the zeros of these functions are arranged
symmetrically about the coordinate axes of the complex plane, and their imaginary parts are bounded
[12]. We will renumber the zeros of the functions Ny(p) and N,(p), lying in the right half-plane and
having non-negative imaginary parts, in the order in which their real parts increase, and denote them
by a, and b, (k = 1, 2, ...). It is well known that the Bessel functions J,(ap) (n = 0, 1) have only real
zeros, which satisfy the asymptotic formulae p;, = n(k + n/2 + ¥1)/a + O(1/k). We will denote the positive
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zeros of the product Ji(ap) J1(bp), renumbered in the order in which they increase, by d.. The following
formulae then hold for large values of k [12]

Rea, =k +ky)/(a+b) ((ky|<2), Reb, =d,+O0(k™) (2.16)
Eliminating the function C(p) from Eqgs (2.15), we obtain the Wiener-Hopf equation
N (p)+ 07 (p) = K(p)lo* (p)+ 07 (p)), K(p)=N,(p)/ Ny(p), pel (2.17)
We will find the solution of the homogeneous equation
Mo(p)=K(p)os(p), pel (2.18)
We split Eq. (2.18) into two Riemann problems [13]
nj(P)=Ki(p)o;(p), pel, j=12
05(p) =01 (p)3(p), Mo(p) =7 (PIN3(p)
Noting that
KO) = lim K(p)= 57, KGB)~A[BF, B
a’(1-b)Eyh 42 90- b?)
2R RGO

(R(c) = 4ab - (1 + b*)? is the Rayleigh function), we put Ky(p) = Ap’ctg’np. Factorization of the
cotangent gives

S=a’(-bH)+1+b*)? -4a%, A=6-

o1 (p)= AT (V4 + p)/T3(1 4 p)
Hence it follows that
of(p)~ApH, poses

The function K,(p) = K(p)/K;(p) on the imaginary axis is real, and does not have zeros and poles; in
addition

K,(0)= AR’ (ADS), K,(iB)=1+0(2™Pl), B +oo

Since the function K;(p) on the imaginary axis does not change its sign, its index is equal to zero.
Consequently, the solution of the second Riemann problem has the form [13]

Ko@) dt}, Rep>0
+p

BT InlKy i)/ K;GB) d,}

;;0 ,2_[52

Foovo _E*‘” In
o,(p) exP{ Tt g 2
o3 (iB)=K; ”(iB)exp{

It follows from Eqs (2.17) and (2.18) that

@ NP _o'(p), o (p)
B PRI Py L 2.19
%) na(p) oip) oip)’ P (2.19)

Special cases. 1. Suppose a thin shell is placed on a moving cylinder with a negative allowance /. In
conditions (2.2) and (2.3) we put
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f(2)=g(2)=0, R=1+h/2~I, B=F=0
We split this problem into the fundamental problem
T, =0, N@)=-Y, ~0<z<+o0, r=1

the solution of which can be found in an elementary manner

- _ 2\
W=V, yl=6l Yy ol =Y B (2.20)
E E  Eoh

(E and v are the elasticity parameters of the cylinder), and the mixed problem
T, =0, —o<z<+e0, r=|

0,=-0, z<0, r=1; N(2)=0, z>0 (2.21)
B=PR=0 z=0, r=1
By conditions (2.21)

- ! 0 - O'I
6 (p)=-0, | e"’~dz=—pL, N (p)=0

-0

From relations (2.19), on the basis of the asymptotic estimates

oi(p)=0(p%), %%w(p), ps e (222)
0

obtained from an Abel-type theorem [14] taking into account the fact that the local energy of deformation
of the cylinder is finite in the immediate vicinity of the edge of the shell, we obtain from the generalized
Liouville theorem

o,
oo (p)
The constants A_ and B_ are found from the equilibrium conditions of half the shellr = R,0 < 9 < 7,

0 = z < +e. Suppose a moment P;, whose vector is directed along 6, and a shearing force P,, directed
opposite to the radius r, acts on unit length of the end. Then

b
Oo(pXp™ +Ap+B), 0G(0)= (—D;—) _ (2.23)

o*(p)+o(p)=

n T 400 n +o0
| Pysin8d®=-] [ 0,(z,1)sin0dzd0+ [ 1*(0)sin8d0 -2 | Ny(2)dz (2.24)
0 0 0 0 0

b T 4o L +oo
| Rsin8d6=] [ 0,(z,1)zsinBdzd0+ [ n**(0)sinBdO+2 [ Ny(2)zdz
0 0 0 0 0

Here

n'(0)= | n(2)dz, N (0=~ | N(2)zdz, Ny(2)= 'E;;—h“r(z, )]
0 0

The asterisk denotes differentiation with respect to p, and Ng(z) is the circumferential force in the shell.
Substituting

0,2 1)= 5 10" (P)+ 0 (p)lePdp (2.25)
L

into relations (2.24), changing the order of integration and integrating with respect to 0 and z, in view
of the homogeneous conditions of the mixed problem we arrive at two equations
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!

o, -1 N;(p)
o( +A_p+B)—>"—dp=0, j=12
o1 (0) 2mi Co(pXp~ +A_p+B )—=— STN.(P) p=0, j

where
N3(p)= Ny(p)+&J,(ap)Jy(bp), &=-apc’c;’ EhR™

Closing the contour L from the right by semicircles of large radius, passing between the zeros of the
function N,(p), by the theorem of residues we obtain

U588 s,s,, 55,55,

A
BT -55,
5 S dn & 4
S$=Y%q, S.=Y 2n_4 —G $=2,3,4
: ,..zzlq”' E. &' s- 2)' Sodp? o(p)
%= oo(a)Ns(ar) C=1+-22
N]’(ak) 2”28

* +o 10l K. (i1} / K~ (0
o (0)=—03(0)[61n2+% Lz_('_‘t)i_ﬂ r
0

We substitute expression (2.23) into the left-hand side of the first equation of (2.15) and obtain the
function C(p). Then, by formulae (2.13), the integral

—1"— Py lzm 14 A B
o LJ_f(p,l)U,,(p,r)e p, f(p.D) og(o)pNZ(p)(p +A_p+B.) (2.26)

q=1...,5 w=u, w=u, uy=0, U =T, Us;=0,
1s the solution of mixed problem (2.21) and, added to solution (2. 20) forms the required functions
}1 u,.(z,r). Here L_is the contour of integration, which coincides with the imaginary axis, with the exception
0

the point p = 0, which it circumvents from the right along a semicircle of small radius; the transforms
U,(p, r) are given by formulae (2.14) with g = 1, 2, and the following expressions

Uy(p.r) =2 p{(1+6%)1,bp| 1+ 6% )plotapr) - 2t (apryr”' -

- 4al,(ap)[bpJobpr) - 4 (bpr)r |}

Uy(p,r) =2a{1+ b )i p*[J; (apr)J, (bp) - Jy(ap)J, (bpr)]

Us(p,r) = up* {4ab|JJ0(bpr)J, (ap) - (1+b )[2;1 +A(1-a? )]Jo(apr)J, (bp)}

2. Suppose now that a concentrated encircling load ~P acts on the shell when z = [, the edge of the
shell is force-free, and there is no load. Under conditions (2.2) and (2.3) we put

f(2)=0, g(z)=-P§(z~1}), R=1+h/2, R=R=0 (227

where 8(z) is the Dirac delta function.
We split this problem into the fundamental problem

TIZ=O’ )=~ D-la(z—[l), —o<z< 400, r=1

the solution of which is found from formulae (2.13) with
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+ +n"
Cpy=T (B _

P Pe” P!
- [8(z-1)e P dp = - ——w
pN>(p) DpN,(p) .. DpN,(p)
and a correcting problem
T,=0, —0<z<+00, r=1
6,=-00(z, 1), z2<0, r=1 N@)=0, z>0 (2.28)
d"u Pns—l
—L == =0, r=1, n=2,3
az" D
where

N
6z )= Eﬁe”k", P = +z°° o)
k=1

PN, (b, )e "
4-n ’ fk =
=1 b "N, (bk)

DN (b,)
are the radial stress, the moment (n = 2) and the shearing force (n = 3), defined by the fundamental
problem.

Substituting the Laplace transforms corresponding to conditions (2.28) into Eq. (2.19), by virtue of
the asymptotic estimates (2.22) we have

. _ - ( I J
6" (p)+67(p) = Og( . +A,p+B
(P (P) 0 p)k§] Uo(bk) p—bk P k

The constants 4, and By, are calculated in the same way as the coefficients 4_ and B_ in the problem
of a shell with negative allowance. Substituting the last expression into the right-hand side of (2.25),
we obtain from the equilibrium conditions

Ji .
oA s sl o1

Mt

k

400

5 (0
S4+j(bk)= Z - dm +§GO( )+

( (j_l)CGE*(O)+°3(’?k)~3(bk)
m=1 am(bk _am) bkl b, bl}lNl(bk)
Hence
S350, ) — S555(b S, 851D, )~ S, S¢(b
4, =2 6(S12c) 5_35'5( k), B, =22 S(S;) S;s( ) (2.29)
2 =919 2 9193
Returning to Eqs (2.15) and (2.18), we obtain

WP & L 1
Cp)= A 5| ® .
® PN2(P)k=1G$(b,‘)(p_bk+ kPt k)} ep<
(2.27)

Substituting this expression into (2.13), we obtain, by superposition, the solution of problem 2.1),

5 1, &(pty)
u, (zZ,r)y=—— U 2 pzd, =1,,_.’
-N=0n L PNy (p) opor)emdp g >

(2.30)
= N(b, e
gww=‘§Fw“ﬂamz (b )e

1
+Ap+8B
k=1 05(”&)”5(”&)(1’“”& P k)]
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3. FORMULATION OF THE PROBLEM OF A FINITE SHELL

Consider the problem of the motion, with constant sub-Rayleigh velocity ¢ of a finite circular transversely
isotropic cylinder 0 < r; < 1,-1 < 0; < 1, -0 < z; < +oo relative to a thin shell of finite length and
negative allowance /, which compresses it; in addition, a concentrated encircling load -P acts on the
shell. In a fixed system of coordinates Oyro0yzg, o = ry, 89 = 84, zg = z; + ct, the boundary conditions
of the problem when r = 1 have the form (the zero subscripts of the current coordinates are omitted)

T,=0, —oe<z<+oo
P

0"u Frsy
L= z=l; n=23
az" p’ ‘T’

"u, P

—-_n=l. =

’ __l ;
0" D 3

P is a moment whose vector is directed opposite to 6 and P, is a shearing force which acts in a radial
direction as shown in the figure.

In a semi-infinite cylinder we will construct the solution in the system Or6z, r = ry, 6 = 6y,
z = z; + 13, in the form of the sum of inhomogeneous solutions uf,_(z, r), u;’_(z, r), defined by formulae
(2.20), (2.26), and (2.30), and a series in piecewise-homogeneous solutions, which satisfy the
homogeneous conditions (2.1)—(2.3), with singularities at z = +o. When 0 <ry< 1,8 = 8j,z, > 0 the
solution will be sought in coordinates r = ry, 0 = 6y, z = z;, — I, in a similar form for the fundamental
condition (2.1) and the mixed conditions

P
n(z)=—yl—36(z+12), z2<0; 6,=0, z>0 (3.1)
"u P,
—_— =—-—"+—, =0, =2,3 .
% D z n (3.2)

with singularities in the piecewise-homogeneous solutions when z = —oo.

We will obtain the coefficients in the series in the piecewise-homogeneous solutions using orthogonality
relations (1.6) from the condition of continuity of the solutions in the sectionzy = 0,0 < ry < 1, assuming,
to fix our ideas, that it is situated to the right of the encircling load: I, < 5,5, > ;L (s =1, ..., 4) are
positive constants.

4. SUBSYSTEMS OF PIECEWISE-HOMOGENEOUS SOLUTIONS

We will construct two subsystems of piecewise-homogeneous solutions. According to the description
given in Section 3, each element of the first subsystem must satisfy homogeneous conditions (2.1)—(2.3)
and have a singularity atz = +eo. These elements are represented in the form of the sum of the solution
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of the fundamental problem (2.1), n(z) = 0 (e <z < +oo), which is found from formulae (2.14) when
p = by, and the solutions of the correcting mixed problem, determined by conditions (2.1)

6,=-0%z 1), z<0, r=1; n@)=0, z>0 4.1
R=-PR‘ P=-P, z=0, r=1 (4.2)
Here
0r(z D= CbeNy(be)e™ . B =CNa(b)or'. Py =CelNs(by)
is the normal stress, the moment and the shearing force from the kth (k = 1,2, ...} homogeneous solution

of the fundamental problem, and C; are arbitrary constants.
Conditions (4.1) lead to the Wiener—Hopf equation

(P = K| 0+ Gl (b )p-b) "} pel
Repeating the procedure for solving Eq. (2.17) using conditions (4.2) on the end, we obtain

Cibe N (bk)PZ"l(;(P)( 1
Ga(bk )PNz(P) p-b,

Cp= +Ap+ Bk)

Hence, as a result of correcting the solutions, the elements of the first subsystem of piecewise-
homogeneous solutions take the form
ut_(z,r)= CU (b, r)e™ +
Cah A AN

+Ckkal(blc) No(p)
2niog(b) [ pPN2(p)

( lb +Akp+Bk)Uq(p,r)e”zdp, k=1,2,... (4.3)
pP=b

The coefficients A, and B, are found from formulae (2.29).

The second subsystem of piecewise-homogeneous solutions is constructed in the same way. Its
elements u(’,‘+(z r) (k = -1,-2, ...) satisfy homogeneous boundary conditions (2.1), (3.1) and (3.2) and
have a singularity at z = —oo, They are obtained by replacing the contour L_ on the right-hand side of
Eq. (4.3) by L, (L. circumvents the point p = 0 from the left), ng(p) by ng(p), 65 (bx) by —o5(by), and
Ay and B, by Ak and -By, where

No(P)=Mo(-p), Oo(P)=0C4(-p). A, =-A, B, =B

5. SOLUTION OF THE PROBLEM OF A FINITE SHELL

As in Section 3, the solution of the problem of a finite shell will be sought in the form

uq_(z,r)=uf,_(z,r)+u2_(z,r)+ Zu (z,r)+ }: i (zr), z<h
keZ*

(5.1)

ug,(z,r)= uq+(z,r)+uq+(z,r)+ Zu (z,n)+ 2 ay(zr), z>-l
k=-1 kez€

where uq+(z r) +ud q sz r) is the solutlon of problem (2.1), (3.1) and (3.2). The functions uq+(z r) and
(z r) differ from u,_(z, r) and uq (z, r) (see Section 2) by the replacement of f(p, [) and g(p, [;) and
the contour L_by f(~p,[§) g(-p, ) and L, respectively, and Z°; € and Z€ are sets of numbers of the complex
zeros of the function Ny(p), situated in the first and third quadrams of the complex plane, where the
dash denotes complex conjugation.
The constants C, are found from the eight conditions of continuity of the solution when z, = 0

ug(byor)=ugi(~lyor), 0<r<l, g=1,2,45 (5.2)
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o'uy_(15.1) _ °uy,(~ls,1)
oz’ dz°

, $=0,1,2,3 (5.3)

by replacing two of the conditions (5.2) (g = 4, 5) by linear combinations

2 2
c” du ¢t )
u6i.(z,r)=“‘7 1t +(1—?)u4i(2’r)

c; or 5

2
u7+(Z,r) }\- (auli*’uli) I—C_z 51(2:’)
or o

the transforms of which have the form

2 2
Ug(p,n) = u-(c:—i-Ué(p, r)+(1 ——T)U‘,(p, r)
2 )

2
Uv(p,r)=xz [Ul(p, N+ U’(””)] (1-5‘7JU5(P»’)

1 1

We substitute expressions (5.1) into the new conditions (5.2) and expand the contour integrals in
series in residues. Changing the order of summation in the double sums and noting that

U, (-p,r) = (-)?U,(p,r)

we obtain

Zqu(bk, )X + D8 X+ 2()]+
k=

+ 3 U, (B [xk+(—1)" "Xy +2(B )|+ 81, L4r) = 0 (5.4)
keZ+

X = Cope™5, E(by)= E’ [(-1)4x,,r_ (bys —b) = X, T, (b, b, ) +

+(-17S_(~by, b,) =S, (b, —b,)|+ Z [(— Y X, T By ~bi) - X_aTe(<Bys b )]+

nEZ+

DTS (b, By) = Subio =B, |+ Qs (b0) + Ry(b)

2 2 y el(l]‘l}) _et(l4—12)
Ln==5 % l ~D—)2, Q,,(:)=(-1)"“P[ , ]
M A DN} (1)

_ alng(t) 1ty -
Rq(t)_m(t +A_I—B_)[(-I)q e ™ te '4]
P"lg(’)N](T) ( 1 ) ty ~k
S, (t,1) = + Azyt+ By, et ™
) DIN} (80 (T)N} (1) o T ARt B e
_ rN.(r)n%(r)( L, = )u_mt
L (tt)= og(:)w;(r) p— FA;,TFB;, Je

g=1,2,6,7, k=1, k,=-b, I_.=4, I, ==,

We multiply both sides of the first equation (¢ = 1) and the fourth equation (g = 7) of system (5.4) by
Ug(b,,, r} and ~U,(b,, r) respectively, and the second equation (g = 2) and the third equation
(g = 6) by -U+(b,,, ry and U,(b,,, r) respectively. We add these pairs of equations and integrate the equations
obtained with respect to 7 from 0 to 1. Then, by virtue of the generalized orthogonality relation (1.6)
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j)[u,(bm,r)us(bn,r)-u7(bm,r)uz(bmr>]rdr+

+RU, (b ))P" = M™Uy(b,,1)=0, m*#n’, R=1+h/2

and taking conditions (5.3) into account we obtain the normal Poincaré-Koch system with bilateral

determinant
400
X, £ X F 3[X,T_(b,, b, )£ X_,T,(=b,, by,)]F
n=1
7 3 [XT(by —bn) £ XL T (~By, b0 )| =
neZ;

h+(b,,,) = '“Ql(bm) - R (bm)+

1
+[DRL(1)b3,U, (b 1) = [ L(r)U¢( by r)rdr:l X
0

x {}[Ul (b P)Us(Brms 7) = U (bys 1)U (b 7))rdr = D(RO,, = D)6RUL (b, 1)}_l
h(by)=Qi(by)-Ry(b,), m=12, ..

Its matrix elements, according to expressions (2.16), decrease exponentially with the numbers of the

rows and columns.

The method described above can be extended in a natural way to the case of any finite number of

shells of piecewise-constant stiffness, to the problem of two semi-infinite shells on a cylinder, and also

to

the problem for periodic systems of shells.
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